LEVEL SETS ON SPHERES L. M. SONNEBORN
The purpose of this paper is to prove that corresponding to any continuous real-valued function whose domain is the ^-dimensional sphere (n Ξ> 2), there is a connected set on the sphere which contains a pair of antipodal points and on which the function is constant. While this constant need not be unique, a stronger property is found which ensures uniqueness and gives continuity to the constant over homotopies of the function.
The weaker theorem was stated in abstract by R. D. Johnson, Jr. [2] . The proof which follows constitutes a portion of the author's dissertation, [4] .
Throughout this paper, n will be used to denote any integer not less than 2. The usual ^-dimensional measure on the %-sphere will be taken to be normalized so that the total measure of the sphere is one. Each time the measure of a set is mentioned, the set will be either open or closed, and therefore measurable. Everytime the components of a set are listed, the set will be open, and will therefore have a countable number of components. A subset of S n (n ^ 2) will be said to be "too big" if it has measure greater than one-half. A subset of the sphere is said to "cut up" the sphere if no component of its complement is too big.
The fundamental tool to be used here is the following: 
Proof. Assume there is no such integer I. Let T be the union of all S n -T m which contain S n -T { . Clearly none of these intersects S n -Tj by the corollary to Lemma 2. Let S be an arc in
(X k is open and connected and hence arcwise connected). S must intersect F(T). Let peSf)F(T).
peS n -T, for some q such that S n -T q eX k . Proof. Each S n -X { is either one of the T jf or is expressible as the decreasing intersection of a countable number which are closed and connected. By Lemma 3.8 of page 80 of Wilder [5] , S n -X { is connected. Since X { is also connected, it follows from Lemma 1 that Proof. All the previous lemmas except the first were based on the assumption that 0 had no such component. 
for each t, 0 ^ ί ^ 1, by f t (x) = F(x, t) for each x e S n . Then for each t, 0 ^ t ^ 1, there exists an unique real number k t such that f^\k t ) contains a closed connected subset which cuts up S n . This subset contains a pair of antipodal points of S n . Further, k t is a continuous function of t on 0 ^ t ^ 1.
Proof. The uniqueness of k t and the fact that the subset contains a pair of antipodal points follow from Lemma 7 and its corollary. The continuity of k t follows in the usual way from the compactness of S n x I and the resulting uniform continuity of F. w is compact, the sequence {x m } has a limit point. Let x be such a limit point, and set k -f(x). Also let B r -{s \ k -1/r ŝ ^ A; + 1/r} and let C r be that component of f~\B r ) which contains x. Then each of the sets C r contains at least one of the sets A m . For, there is a number δ > 0 for which \y -x\< δ implies \f(y) -k| < l/2r, and there exists m{δ) > 2r for which |x m(δ) -x\ < δ. Now A m(δ) g C r ; for, since |# m(δ) -x\ < 5, the segment of great circle connecting x to CG w(β) also satisfies this property so that for every point y on this segment \f ( Hence, since each A m cuts up S n , each D r has measure not greater than one-half. However, the expanding union of sets with measure not greater than one-half cannot have measure greater than one-half, so that D has measure no greater than one-half contrary to the hypothesis above, and C does cut up S n . This concludes the proof of Theorem 2.
Extensions and related topics. The only property of the real numbers used in the foregoing is that fact that for every ε > 0, there exists an open subset of them with the property that every component of the open set and of its complement has diameter less than ε. Thus the reals could be replaced by any (metric) space with this property. The proofs of all these theorems are straightforward and are given in the author's dissertation [4] .
A different extension is given by the following theorems. given by / = (fit At '' y fm) satisfies the conditions of the theorem. For n <2m -1 one can take a great ^-sphere on the 2m -1 sphere and use the restriction of the above example.
